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Introduction 

Upstream-differencing schemes attempt to discretize hyper- 

bolic partial differential equations by using differences biased 

in the direction determined by the sign of tne cnaracteristic speed. 

In recent years upstream differencing has becone very popular, 

and a multitude of new techniques of implementing directionally 

biased differencing have been suggested. This popularity is primarily 

due to the robustness of upstream-differencing schemes and tne 

availability of a underlying physical model; other reasons are the 

possibility of achieving high resolution of stationary discontinuities 

and that of obtaining fast convergence to a steady state. ivlost of 

these schemes are an extension of the Courant-Isaacson-Rees scheme 

[ 3 ]  to nonlinear conservation laws, and therefore a unified descrip- 

tion may be given. 

The present report concentrates on reviewing basic concepts 

and deriving design principles; numerical experimentation is not 

presented. The paper is built up as follows: Section 1 reviews 

some properties of the eqiations essential to their proper numerical 

approximation. In Section 2 we discuss a straightforward extension 

of linear upstream differencing to nonlinear systems. Section 3 

introduces the physical picture due to Godunov, useful to interpret 

certain schemes from Section 2 nd to construct new schemes. Finall I 

in Section 4 we comment on flux splitting, another form of upstream 

differencing,and relate it to a class of schemes motivated by the 

Boltzmann equation. 



1. Weak Solutions and their Numerical Approximation 

In this pa2er we consider numerical solutions of the initial- 

value problem for hyperbolic systems of conservation laws 

u + f(Ulx = 0, u(x,O) = u  (x); -m < x < a. t 0 (1. la) 

Here u(x,t) is a column vector of m unknowns and f(u), the flux, is 

a vector-valued function of m components. We can write (l.la) in 

matrix form 

u + Aux = 0, A(u) = fu t (l.lb) 

(1.1) is called hyperbolic if all eigenvalues of the Jacobian matrix 

(u) are dis- am A are real. We assume that the eigenvalues a (u), ... 
tinct and arranged in an increasing order. 

1 

To allow for discontinuous solutions we admit weak solutions whicn 

satisfy (1.1) in the sense of distribution theory, i.e., 
0 3 0 3  m 

wtu+wxf (u)]dxdt + w(x,O)uo(x)dx = 0, f 
-W 

I I[ (1.2a) 

for all Cw test functions w(x,t) that vanish for 1x1 + t large. 
0 -O0 

Condition (1.2a) is equivalent to requiring that for all rectangles 

(a,b)x(t ,t )the relation obtained by integrating (l.la) over the 

rectangle should hold: 
1 2  

t2 t2 
u(x,3)dx - + f (u( b,t))d.t - f (u(a,t) )dt = 0 I I (1.2b) 
a a tl 

Clearly, a piecewise smooth weak solution of (1.1) satisfies 

(1.1) point wise in each smooth region; across each curve of dis- 

continuity the Rankine-Hugoniot relation 
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holds, where S is the speed of propagation of the discontinuity, 

and u and uR are the states on the left and the right, respectively. L 
Since weak solutions of (1.1) are not uniquely determined by 

their initial data we select physically relevant solutions, 

defined as those solutions that are limits as E + 0 of solutions 

U(E) of the viscous equations 

E > 0. xx u + f(u)x = EU t ( 1 . 4 )  

In this paper we consider systems of conservation laws (1.1) that 

possess an entropy function U ( u ) ,  defined as follows: 

> 0, u u u  (i) U is a convex function of u, i.e., 

(ii) U satisfies 

U f  = F U  u u  (1.5a) 

where F is some other function callec? entropy flux; it follows 

from (1.5a) that every smooth s o l u t i o n  of (1.1) also satisfies 

E ( u )  + F(uj = U .  t X (i.5b) 

Limit solutions of (1.4) satisfy, in the weak sense, the following 

inequality : 

(1.6a) 

i.e., for all nonnegative smooth test functions w(x,t) of compact 

support 
m o o  03 

(1.6b) - 1 \(wtU+wxF)dxdt - w(x,O)Ubo(x))dx < - 0, I 
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Condition (1.6b) is equivalent to requiring that for all 

rectangles (a,b)x (t , t )the inequality obtained by integrating 
(1.6a) over  the rectangle should hold: 

1 2  

a a 

- ,i:u(a,t))dt < - 0. 

If u is piecewise smooth with discontinuities, then (1.5b) 

holds pointwise in the smooth regions, while across a discontinuity 

Relations (1.6) are called entropy conditions (see [ 1 2 1 ) .  

In the following we shall describe numerical approximations 

to weak solutions of (1.1) which are obtained by 3-point explicit 

schemes in conservation form: 

(1.7a) 

where 

(1.7b) 

n Here v = v(jA,n-r) , and f(u,v) is a numerical flux. We require 
j 

the numerical flux to be consistent with the physical flux in the 

following sense: 

(1.7~) f(u,u) = f(u) . 
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W e  s a y  t h a t  t h e  d i f f e r e n c e  scheme (1.7) i s  c o n s i s t e n t  

w i t h  t h e  en t ropy  c o n d i t i o n  (1.6a) i f  an  i n e q u a l i t y  of t h e  

fo l lowing  k i n d  i s  s a t i s f i e d .  

(1.8a) 

where t h e  fo l lowing  a b b r e v i a t i o n s  are used: 

(1.8b) 

( 1 . 8 ~ )  

n+l  , u; = u(vn)  un+l  = U ( V j  
7 j 

he re  F ( u , v )  i s  a numer ica l  en t ropy  f l u x ,  c o n s i s t e n t  w i t h  

en t ropy  f l u x :  

(1.8d) F ( u , u )  = F(u)  . 
The fo l lowing  i s  an  easy  ( b u t  u s e f u l )  e x t e n s i o n  of a n  

e a s y  ( b u t  u s e f u l )  theorem of Lax and Wendroff [ 1 2 1  : 

Theorem 1.1. Suppose the  d i f f e r e n c e  scheme (1 .7)  i s  

c c n s i s t e n t  w i t h  t h e  conse rva t ion  l a w  ( l . l a ) ,  and w i t h  t h e  

e n t r o p y  c o n d i t i o n  (1 .6a ) .  L e t  v? be a s o l u t i o n  of (1.7)  , 
w i t h  i n i t i a l  v a l u e s  v j  = $ ( j A ) .  Extend t h e  l a t t i c e  f u n c t i o n  

v t o  cont inuous  v a l u e s  of x , t  by s e t t i n g ,  as  u s u a l  

3 
0 

n 
j 

n v ( x , t )  = v , j = [x/Al, n = [ t / ~ l  . 
j 

( 1 . 9 )  

Suppose t h a t  f o r  some sequence A k  + 0 , - r / A  = A ,  

t h e  l i m i t  
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e x i s t s  i n  t h e  sense  of bounded, L i o c  convergence. 

Then t h e  l i m i t  u sa t isf ies  t h e  weak form ( 1 . 2 )  o f  t h e  

conse rva t ion  l a w ,  and t h e  weak form (1.6b) of  t h e  

entropy c o n d i t i o n .  

The proof c o n s i s t s ,  j u s t  as i n  [12], of  m u l t i p l y i n g  

(1.7a) by a tes t  f u n c t i o n ,  summing by p a r t s  ove r  n and j ,  

w r i t i n g  t h e  sum as  a n  i n t e g r a l ,  and p a s s i n g  t o  t h e  l i m i t  

A k  -b 0 .  

Theorem 1.1 remains t r u e ,  and i t s  proof t h e  s a m e ,  

when the  f l u x e s  f and F are al lowed t o  be f u n c t i o n s  o f  

2R arguments: 

( 1 . 1 0 )  

and s i m i l a r l y  f o r  Fj+l/2. 

A s s u m e  t h a t  u (x) i s  e q u a l  t o  s o m e  r e f e r e n c e  s ta te  u* 
0 

f o r  1x1 l a r g e :  

(1. l l a )  u , (x)  = u* f o r  1x1 > M. 

Then 

(1. llb) f o r  A l j l  > M + nA . n v = u* 
j 

The entropy U may b e  a l t e r e d  by adding t o  it an  a r b i t r a r y  

inhomogeneous l i n e a r  f u n c t i o n ;  t h i s  fol lows from d e f i n i t i o n  

( 1 . 5 a ) .  Adding such a l i n e a r  f u n c t i o n  t o  U w i l l  n o t  a l t e r  
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its convexity, but achieves the following: 

(1.12) u(u*) = 0 , u (u*) = 0 . 
ui 

Since U is convex, it follows from (1.12) that U(u) > 0 

for u # u, ; in fact if U is strictly convex, 

* 2  (1.13) u(u) - > clu-u I . 

Now sum (1.8a) with respect to j over all integers j; we 

obtain 

(1.14a) 

In other words: total entropy is a decreasing function of time. 

In particular 

(1.14b) 
J J 

This is an a priori inequality for solutions of the difference 

scheme (1.7), analogous to the energy inequality for linear 

symmetric hyperbolic differential and difference equations. 

Since by (1.13) u is positive for u # u* , this is an a priori 
estimate for solutions of the difference scheme (1.7), 

and indicates that the scheme is stable. However (1.14b) is 

not strong enough to prove the pointwise boundedness of 

solutions of (1.7) , nor the existence of convergent subsequences. 
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Aword of c a u t i o n :  when d e a l i n g  w i t h  e q u a t i o n s  o f  

mathematical  p h y s i c s ,  i n  p a r t i c u l a r  t h e  e q u a t i o n s  o f  

compressible  f l o w ,  t hen  w e  must make s u r e  t h a t  t h e  

d i f f e r e n c e  scheme w e  are u s i n g  keeps t h e  v a r i a b l e s  w i t h i n  

t h e i r  phys i ca l  range ,  i .e.  t h a t  d e n s i t y  and p r e s s u r e  

are always p o s i t i v e  q u a n t i t i e s .  

T h e o r e m  1.1 h o l d s  i n  any number of  space  v a r i a b l e s .  

Furthermore mul t id imens iona l  schemes t h a t  are composi tes  

of one-dimensional f r a c t i o n a l  s t e p s  s a t i s f y  t h e  mul t id imens iona l  

analogue o f  t h e  en t ropy  c o n d i t i o n  (1.8a) i f  each  i n d i v i d u a l  

one-dimensional s t e p  s a t i s f i e s  an  en t ropy  i n e q u a l i t y  of  

t h e  form (1 .8a)  I see Crandall-Majda, [21.  
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2. Upstream-differencing Schemes 

We start our review with the description of the first 

order accurate Courant-Isaacson-Rees (CIR) scheme [l] for 

the constant-coef f icient scalar equation 

u + aux = 0 , a = const. t (2.1) 

Introducing the notation 

we rewrite (2.2a) as 

+ n  n - n  n n+l = vn - [a (vj - vj-l) + a (vj+l - Vj)l I j 
V 
j 

(2.2b) 

which can be rewritten as 

Under the Courant-Friedrichs-Lewy (CFL) condition 

(2.2d) A la1 L 1 

all coefficients of v: on the right in (2.2d) are positive. 

Such a scheme is called monotone, and is stable in the 

maximum norm; that is, for a monotone scheme 

n max 1vn+’l max 1v.l 3 . 
j 3 j 
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Equation (2.2d) can be rewritten as 

This shows that solutions of (2.2) can be thought of 

as approximating solutions of 

to second-order accuracy. We observe that the viscosity term 

in (2.3) vanishes for a = 0 : this fact later will allow 

perfectly resolved stationary shocks but may also result in 

admitting entropy violating discontinuities. 

We describe now the extension of (2.2) to systems 

of equations with constant coefficients: 

u + Aux = 0 , A = constant. t (2.4) 

Because of the hyperbolicity assumption, the system 

(2.4) can be diagonalized by a similarity transformation 

(2.5a) w = T-’U , T-’AT = A ,  ‘i j = aidij , 

w + A w x = 0 .  t (2.5b) 

The components of w are called characteristic variables 

and (2.5b) is a system of decoupled characteristic equations. 
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W e  ex t end  t h e  CIR scheme t o  systems by app ly ing  t h e  

scalar scheme ( 2 . 2 )  t o  each of t h e  decoupled scalar 

c h a r a c t e r i s t i c  e q u a t i o n s .  I n  mat r ix  form t h i s  can  be 

w r i t t e n  a s  

n x n - 2 w . + w j - 1 )  n n  , 
) + 2 l A l  ( w j + l  7 

- n x  n 
w j  -1 n+l = w - - A ( W ~ + ~  

j 2  
( 2 . 6 a )  w 

j 

where t h e  d i a g o n a l  matrix Ih 1 is d e f i n e d  by 1 A I i j  = I ai I 6 i j  . 
I n  t h e  o r i g i n a l  v a r i a b l e s  t h e  scheme ( 2 . 6 a )  t a k e s  t h e  form 

where / A I  = Tjf'lIT-'. 

( 2 . 6 a )  and (2.6b) i s  

C l e a r l y ,  t h e  s t a b i l i t y  c o n d i t i o n  f o r  

( 2 . 6 ~ )  

I n  g e n e r a l  w e  d e f i n e  t h e  m a t r i x  X ( A )  by 

W e  remark t h a t  under  o u r  assumption o f  a f u l l  set of  e i g e n v e c t o r s  

w e  can compute x (A)  by x ( A )  = P ( A )  , where P ( x )  i s  t h e  

Lagrangian i n t e r p o l a t i o n  polynomial such t h a t  

P ( a j )  = X(aj) , j = 1 ,..., m. 

I n  t h e  fo l lowing  w e  s h a l l  d e s c r i b e  v a r i o u s  t echn iques  

t o  ex tend  t h e  ups t ream-di f fe renc ing  scheme (2.6b) t o  n o n l i n e a r  

systems o f  c o n s e r v a t i o n  l a w s  (1.1). 



1 2  

The l i n e a r  system ( 2 . 4 )  can  be regarded  as  a system 

of conse rva t ion  l a w s  ( l . l a ) ,  where t h e  f l u x  depends l i n e a r l y  

on u: 

(2 .8a )  f ( u )  = A u  

The upwind d i f f e r e n c e  scheme (2.6b) i s  i n  c o n s e r v a t i o n  

form (1.71, wi th  numerical  f l u x  g iven  by 

+ (2 .8b)  f ( u , v )  = A u + A-v 

+ where A 

d e f i n e d  by t h e  f u n c t i o n a l  c a l c u l u s  ( 2 . 7 )  as  

and A- are t h e  p o s i t i v e  and n e g a t i v e  p a r t s  of A, 

( 2 . 8 ~ )  + 
A+ = X (A)  , A- = x - ( A )  

where, us ing  ( 2 . 2 b ) ,  w e  set  

(2.8d)  + + x ( a )  = a , - x ( a )  = a-  . 
+ 

N o t e  t h a t  s i n c e  x ( a )  + X-(a) = a ,  and x+(a) -x- (a)  = l a l ,  

w e  can write 

D e f i n i t i o n .  A d i f f e r e n c e  scheme in conse rva t ion  form 

( 1 . 7 )  i s  s a i d  t o  be an upstream scheme if: 

(i) F o r  u and v nearby states,  (2.8b)  i s  a l i n e a r  

approximation t o  t h e  numer ica l  f l u x  f ( u , v ) .  

(ii) When a l l  p ropaga t ions  speeds  are > 0 ,  

f ( u , v )  = f ( u )  ; 
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When a l l  p ropaga t ion  speeds are  < 0 

f ( u , v )  = f ( v )  . 
W e  r e s t a t e  ( i) i n  a n a l y t i c  terms: Suppose u and v are 

n e a r  some r e f e r e n c e  s ta te  u* ; t h e n  w e  r e q u i r e  t h a t  

A n a t u r a l  cho ice  f o r  u* i s  u+v - - s e t t i n g  t h i s  i n t o  

( 2 . 1 0 a ) ,  and making u s e  of ( 2 . 9 )  t o  set 
2 '  

- 
A+ - A = IAI 

and t h a t  

f ( u )  +f (VI  
2 

f(Y) = 

w e  g e t  

f ( u ) + f ( v )  - 1 
2 2 ( 2 . 1 0 b )  f ( u , v )  = 

W e  can w r i t e  any numerical  f l u x  i n  t h e  form 

f o r  t h e  sake  o f  c o n s i s t e n c y  ( 1 . 7 ~ )  w e  need 

(2 .11b)  d ( u , u )  = 0 . 
The upstream c o n d i t i o n  (2.10b) can  be  expressed  then  as 

( 2 . 1 1 ~ )  d ( u , v )  = I A ( T ) ~ ( v - u )  u+v + O ( l U - V l )  
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Formula ( 2 . 6 a )  shows t h a t  l i n e a r  upstream d i f f e r e n c e  

schemes c o n t a i n  a large dose of a r t i f i c i a l  v i s c o s i t y ,  

e x c e p t  f o r  t h o s e  components where a i s  s m a l l ,  i n  p a r t i c u l a r  

where ak = 0 .  

d i f f e r e n c e  schemes fo r  n o n l i n e a r  c o n s e r v a t i o n  l a w s :  when 

a l l  c h a r a c t e r i s t i c  speeds  are # 0 ,  each acts l i k e  a scheme 

w i t h  a h e f t y  amount of a r t i f i c i a l  v i s c o s i t y ,  smearing 

d i s c o n t i n u i t i e s .  There i s  however q u i t e  a d i s t i n c t i o n  

among the  schemes when one of t h e  c h a r a c t e r i s t i c  speeds  

i s  zero;  t h i s  shows up i n  t h e  way each  scheme resolves a 

s t a t i o n a r y  shock, c e n t e r e d  r a r e f a c t i o n  wave, and s t a t i o n a r y  

c o n t a c t  d i s c o n t i n u i t y .  W e  t u r n  now t o  examining t h e s e  

matters. 

k 

The same appea r s  t o  be t r u e  f o r  a l l  upstream 

The m o s t  c r i t i c a l  d i f f e r e n c e  i n  performance o c c u r s  i n  

r e so lv ing  a s t a t i o n a r y  shock, see ( 1 . 6 d ) :  

u ,  x < o  

v ,  x > o  
, f ( u )  = f ( v )  , F ( v )  < F ( u )  . ( 2 . 1 2 a )  u o ( x )  = 

The l a c k  o f  numerical  d i s s i p a t i o n  a l l o w s  t h e  d e s i g n  of  

schemes t h a t  p e r f e c t l y  r e s o l v e  s t a t i o n a r y  shock, i . e . ,  ( 2 . 1 2 a )  

i s  a s teady  s o l u t i o n  of t h e  numerical  scheme. The c o n d i t i o n  

f o r  t h a t  i s  

( 2 . 1 2 b )  d ( u , v )  = 0 i f  f ( u )  = f ( v )  , and F ( v )  < F ( u )  . 
On t h e  o t h e r  hand 



15 

i s  n o t  an a d m i s s i b l e  d i s c o n t i n u i t y  and should  n o t  be a s t e a d y  

s o l u t i o n  of t h e  f i n i t e  d i f f e r e n c e  scheme, i . e . ,  w e  r e q u i r e  

t h a t  

( 2 . 1 2 d )  d ( u , v )  # 0 if f ( u )  = f ( v )  , F ( v )  > F ( u )  . 

W e  remark t h a t  t h e  danger t h a t  a g iven  upstream scheme 

selects a nonphys ica l  s o l u t i o n  will occur  o n l y  f o r  

s t a t i o n a r y  o r  n e a r - s t a t i o n a r y  d i s c o n t i n u i t i e s ;  o the rwise  

t h e r e  i s  enough numer ica l  v i s c o s i t y  i n  (2 .3)  t o  e n f o r c e  t h e  

s e l e c t i o n  of a p h y s i c a l l y  r e l e v a n t  s o l u t i o n .  Hence t h e r e  

are t w o  o p t i o n s  i n  des ign ing  a n  upstream d i f f e r e n c i n g  scheme 

f o r  s o l v i n g  problems w i t h  d i scon t inuous  s o l u t i o n :  

(1) T o  swi t ch  d i r e c t i o n  of d i f f e r e n c i n g  i n  a way t h a t  

w i l l  e f f e c t i v e l y  i n t r o d u c e  non l inea r  d i s s i p a t i o n  a t  t h e  expense 

of s l i g h t l y  smearing t h e  shock;  

( 2 )  T o  s a t i s f y  ( 2 . 1 2 )  and t h u s  g e t  p e r f e c t  

r e s o l u t i o n  of s t a t i o n a r y  ShOCkr b u t  t o  add a mechanism 

f o r  checking  t h e  admiss ib i l i t y  of t h e  d i s c o n t i n u i t y .  

W e  t u r n  now t o  describe v a r i o u s  forms of d ( u , v )  i n  

(2.11a). The m o s t  s t r a i g h t f o r w a r d  way t o  g e n e r a t e  such 

f u n c t i o n s  is by 
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where 

nonnegative e i g e n v a l u e s ,  and such t h a t  

/ A 1  ( u , v )  is  a m a t r i x  f u n c t i o n  o f  u and v which h a s  

IA(u)l is d e f i n e d  by ( 2 . 7 ) .  

The s i m p l e s t  forms of (2.13) are  

( 2 . 1 4 a )  

or 

The l a t t e r  w a s  used by Van L e e r  i n [ 1 4 ] ,  and i n t r o d u c e s  some 

non l inea r  numerical  d i s s i p a t i o n  t h a t  somewhat smears 

s t a t i o n a r y  shocks b u t  on t h e  o t h e r  hand exc ludes  nonphys ica l  

d i s c o n t i n u i t i e s .  

Another form of ( 2 . 1 1 c ) ,  which has  s i m i l a r  p r o p e r t i e s ,  

h a s  been sugges ted  by Huang, 1101 : 

h e r e  sgn(x)  i s  t h e  s i g n  of  x ,  and sqn(A) i s  d e f i n e d  by ( 2 . 7 ) .  

Yet ano the r  t y p e  of  scheme h a s  been des igned  by R o e  1 1 9 1 .  

H i s  scheme i s  of t h e  form ( 2 . 1 3 a ) ,  where t h e  m a t r i x  f u n c t i o n  

A(u ,v)  is r e q u i r e d  t o  have t h e s e  p r o p e r t i e s :  
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(ii) A(u ,v )  h a s  rea l  e igenva lues  and a complete set 

of e i g e n v e c t o r s .  

(iii) 

( 2 . 1 6 b )  A(u,u)  = A(u) . 

F o r  t h e  Euler  e q u a t i o n s  of  compressible  f low R o e  [ 1 9 ]  has 

c o n s t r u c t e d  a l i n e a r i z a t i o n  of form (2 .16a )  having t h e s e  

p r o p e r t i e s .  W e  show now t h a t  such a l i n e a r i z a t i o n  e x i s t s  

q u i t e  g e n e r a l l y :  

Theorem 2 . 1  (Harten-Lax) . Suppose (1. l a )  h a s  an en t ropy  

f u n c t i o n ;  t hen  (1. l a )  has  a Roe-type l i n e a r i z a t i o n .  

Proof:  W e  s h a l l  c o n s t r u c t  an  A s a t i s f y i n g  ( 2 . 1 6 a )  

which i s  of form A = B P ,  Bsymmetric, P p o s i t i v e  d e f i n i t e .  

C l e a r l y ,  such  an  A is s i m i l a r  t o  t h e  symmetric ma t r ix  

P1l2S and so h a s  p rope r ty  (ii) . I n  our c o n s t r u c t i o n  

w e  u s e  t h e  e n t r o p y  f u n c t i o n  U(U) ; s i n c e  U is  convex, t h e  

i s  one-to-one; we  i n t r o d u c e  w as  
uU 

mapping u -+ w = 

new v a r i a b l e  i n  p l a c e  of u. L e t  u1 and u2 be t w o  a r b i t r a r y  

s t a t e s ,  w1 = w(ul) , w = w ( u 2 )  I f l  = f (u,) , f2 = f (u , ) .  
2 

Then 
1 

d ( 2 . 1 7 )  f 2  - fl = I f (0w2 t ( l - B ) w l )  de = 

0 
1 

= \ f w  de(w2-w1) = B(w2 - w l ) .  
0 
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W e  claim t h a t  

S i s  symmetric. To see abou t  f w  , w e  use  r e l a t i o n  ( 1 . 5 a ) ;  

d i f f e r e n t i a t i n g  w i t h  r e s p e c t  t o  u w e  g e t  

f w  i s  a symmetric m a t r i x ;  t h i s  imp l i e s  t h a t  

U u u f u  + I J  f = FUU . u uu 

The second t e r m  on t h e  l e f t  i s  a l i n e a r  combination of 
i symmetric matrices fuu  ; 

symmetric. Therefore  so i s  t h e  f irst  term 

t h e  r i g h t  s i d e ,  FUU , a l so  i s  

*UU fU 

I t  fol lows then  t h a t  a l so  

-1 
( 2 . 1 8 )  f u  uuu 

i s  symmetric. 

D i f f e r e n t i a t i n g  

w = u  
U 

w i t h  r e s p e c t  t o  u shows t h a t  wu = Uuu ; t h e r e f o r e  

-1 
uuu = u 

W 

S e t t i n g  t h i s  i n t o  ( 2 . 1 8 )  shows t h a t  

i s  symmetric, as a s s e r t e d .  

Next w e  e x p r e s s  
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( 2 . 1 9 )  

= 1 w U d e ( u 2  - u,) = P ( u 2  - ul)  . 
0 

Using w = Uuu and t h e  convexi ty  of U w e  conclude t h a t  P 

as d e f i n e d  by ( 2 . 1 9 )  is  p o s i t i v e  d e f i n i t e .  
U 

Combining ( 2 . 1 7 )  and ( 2 . 1 9 )  g i v e s  

f2-f l  = BP(u2-u1) = A(u2-u1) . 
Thus t h e  A w e  have cons t ruc t ed  can  be  f a c t o r e d  as  B P ,  

as  a s s e r t e d .  Condi t ion  (2.16b) i s  c l e a r l y  s a t i s f i e d .  

N o t e  t h a t  S depends symmetr ical ly  on w1 and w2 , and 

P symmetr ica l ly  on u1 and u2. 

symmetric f u n c t i o n  of  u1 and u2.  

Th i s  shows t h a t  A i s  a 

A s i m i l a r  r e s u l t  h o l d s  f o r  systems of c o n s e r v a t i o n  l a w s  

i n  any number of space v a r i a b l e s  a s  long  a s  t h e r e  is  a n  

e n t r o p y ,  see Harten [ 81. 

Having c o n s t r u c t e d  A,  we can  d e f i n e  i t s  a b s o l u t e  v a l u e  

by ( 2 . 7 ) ;  t h e n  w e  set 

( 2 . 2 0 )  d ( u , v )  = [A(u ,v )  1 ( V - U )  

When u and v correspond t o  a s t a t i o n a r y  d i s c o n t i n u i t y  

( 2 . 1 2 1 ,  t h e n  it fo l lows  from f ( v )  - f ( u )  = 0 and ( 2 . 1 6 a )  

t h a t  v-u i s  a n u l l  v e c t o r  of A ( u , v ) ,  and consequent ly  

i n  t h e  n u l l  space  of IA(u,v) 1 ;  t h u s  d ( u , v )  = 0 ,  whether 
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or  n o t  t h e  en t ropy  c o n d i t i o n  F ( v )  - F ( u )  < 0 i s  s a t i s f i e d .  

Therefore  t h e  cor responding  upstream d i f f e r e n c i n g  may 

admit  nonphysical  s o l u t i o n s .  In  an Appendix t o  [ 9  3 ,  

Har ten and Hyman d e s c r i b e  a v i s c o s i t y - l i k e  term t h a t  c a n  

be added t o  (2 .15)  and ( 2 . 1 6 )  t o  re jec t  i n a d m i s s i b l e  

d i s c o n t i n u i t i e s  w i thou t  a f f e c t i n g  t h e  p e r f e c t  r e s o l u t i o n  

of t h e  phys ica l  ones.  

Yet ano the r  way t o  c o n s t r u c t  d i n  ( 2 . 1 1 ~ )  i s  

( 2 . 2 1 )  

w h e r e  t h e  i n t e g r a t i o n  i n  ( 2 . 1 7 )  i s  c a r r i e d  o u t  on a p a t h  i n  

s t a t e - s p a c e  connec t ing  u and v .  Osher i n  [ 1 6 ] - s u g g e s t s  a 

p a t h  of i n t e g r a t i o n  r t h a t  i s  p iecewise  p a r a l l e l .  t o  t h e  

r i g h t  e igenvec to r s  Rk of A : 

( 2 . 2 2 a )  
m 

k= 1 
r =  u r k ,  

k = 1, ..., m. 

( 2 . 2 2 c )  um(0)  = u , u 1 ( a l )  = v . 

Existence of a unique s o l u t i o n  t o  (2 .22b)- (2 .22c)  i s  

guaranteed if 11 u-vll i s  s u f f i c i e n t l y  s m a l l  1 A consequence 
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of  t h i s  cho ice  of p a t h  i s  t h a t  d i n  ( 2 . 1 7 )  decouples  

i n t o  c h a r a c t e r i s t i c  c o n t r i b u t i o n s  

'k m r  
(2 .23)  

Osher shows t h a t  l i m i t  s o l u t i o n s  of (2.11) w i t h  

(2.23) s a t i s f y  t h e  en t ropy  cond i t ion  and t h a t  a s t a t i o n a r y  

c o n t a c t  d i s c o n t i n u i t y  i s  p e r f e c t l y  r e so lved :  s t a t i o n a r y  

shocks are smeared o v e r  two in t e rmed ia t e  s ta tes .  
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3. Godunov- t y p e  Schemes 

Godunov, i n  h i s  c o n s t r u c t i o n  of t h e  " b e s t "  monotone 

scheme [ 4 3 ,  h a s  used t h e  e x a c t  s o l u t i o n s  of loca l  Riemann 

problems t o  o b t a i n  an  upstream d i f f e r e n c e  scheme. 

The s o l u t i o n  of t h e  Riemann problem 

x < o  
u + f ( u I x  = 0 , u(x,O) = t (3 .1)  

R '  

depends on ly  on t h e  s ta tes  uL and uR and t h e  r a t i o  x / t  : 

it w i l l  be  denoted by u ( x / t ;  u L ,  u R ) .  S ince  s i q n a l s  

propagate  w i t h  f i n i t e  v e l o c i t y ,  

u ( x / t ;  u , u  1 = uR f o r  x / t  - > aR ; L R  (3.2b)  

a and aR are t h e  s m a l l e s t  and l a r g e s t  s i g n a l  v e l o c i t y .  

Godunov d e r i v e s  h i s  scheme by c o n s i d e r i n g  t h e  
L 

numerical  approximation v ( x ,  tn) of t h e  d i s c r e t e  t i m e  

l e v e l s  tn , 
func t ion  i n  x ,  i . e . ,  

n = O , l ,  ..., t o  be a p i ecewise  c o n s t a n t  

(3.3a) v ( x , t n )  = v n f o r  x i n  I = ((-j-z)A, 1 ( j + z ) A )  1 . 
j j 

To c a l c u l a t e  t h e  numerical  approximation a t  t h e  n e x t  

t i m e  l e v e l  tn+l = tn + T w e  f i r s t  s o l v e  e x a c t l y  t h e  

i n i t i a l  v a l u e  problem 
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f o r  t 

Each d i s c o n t i n u i t y  i n  v ( x , t n )  c o n s t i t u t e s  l o c a l l y  a 

Riemann problem. 

t h e  l a r g e s t  s i g n a l  speed ,  then because of (3 .2)  t h e r e  

< t < tn + T ;  and denote i t s  s o l u t i o n  by u n ( x , t ) .  n -  - 

If w e  keep Xlamax1<1/2 where lamax/ i s  

i s  no i n t e r a c t i o n  between neighboring Riemann problems 

and u n ( x , t )  can be  expressed  e x a c t l y  i n  terms of t h e  

s o l u t i o n s  of loca l  Riemann problems: 

Godunov o b t a i n s  a p iecewise  c o n s t a n t  approximation 

v ( x , t n + l )  by averaging  u n ( x , t n + l ) ,  i .e . ,  he sets 

(3.3d) 

W e  c an  rewrite (3.3d) i n  terms of  t h e  s o l u t i o n s  t o  

t h e  local  Riemann problem cis 

Since  u i s  an e x a c t  s o l u t i o n  of t h e  c o n s e r v a t i o n  l a w s  

n+l i n  (3.3d) by (3 .1)  w e  can  e v a l u a t e  t h e  i n t e g r a l  d e f i n i n g  v 
n 

j 
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applying (1.2b) over I x (tnttn+l) ; we get j 

(3.4b) 
A h 

n+l = vn - uf(vj+l,2 1 - f(vj-l/2)1 , j 3 
V 

where 
A n n  (3.4c) vj+1/2 = u(o;vj fvj+l). 

This shows that (3.4b) is in conservation form, with 

The exact solution un(x,t) of the Riemann problem 

satisfies the entropy condition (1.6~) : 

Since U is a convex function, Jensen's inequality holds: 

J J 

Combining the last two inequalities we deduce that Godunov's 

scheme satisfies the entropy inequality (1.8~). 

The description (3.3~) makes sense only if the local 

Riemann problems don't interact, i.e. if 

1 amax I < 1/2 

On the other hand, (3.4b) remains consistent with ( 3 . 3 d )  as 

long as the waves issuing from j + - - 2  

during the time interval t < t 

A - A  do not react j + 3 

tn+l . This will be the case n -  
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as long  a s  

I amax I 

It fo l lows  f r o m  t h e  RH r e l a t i o n  (1.3)  t h a t  

f ( u ( s ; v , w )  1 - s u ( s ; v , w )  i s  a cont inuous f u n c t i o n ;  however 

it i s  o n l y  p i ecewise  d i f f e r e n t i a b l e .  I t  fo l lows  t h a t  t h e  

Godunov f l u x  f u n c t i o n  f ( v , w )  d e f i n e d  by (3.4d)  i s  o n l y  

p iecewise  d i f f e r e n t i a b l e .  

N o t e  t h a t  Godunov's scheme s a t i s f i e s  c r i t e r i o n  (ii) 

f o r  upstream schemes. To v e r i f y  t h a t  it a l so  s a t i s f i e s  

c r i t e r i o n  (i) w e  s h a l l  show t h a t  Godunov's scheme, when 

a p p l i e d  t o  l i n e a r  e q u a t i o n s ,  reduces t o  (2 .6b ) .  

Cons ider  

(3 .5a)  u t + A u X = O ,  

A a c o n s t a n t  m a t r i x .  H e r e  t h e  s o l u t i o n  of t h e  Riemann 

problem i s  composed of  cons t an t  s ta tes  s e p a r a t e d  by a 

f a n  of m c h a r a c t e r i s t i c  l i n e s  (see F ig .  1). 

dx 
d t  
- 

Figure 1. 
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(3 .5b)  u(x / t ;uL,uR)  = u f o r  ak < x / t  < ak+l , k = 0 ,..., m ,  k 

where we have d e f i n e d  

a = -00 = +a. - 
0 a m + l  - u L , u  - - UR u O  m 

The in t e rmed ia t e  s ta tes  uR can  b e  c a l c u l a t e d  from t h e  r ep resen -  

t a t i o n  of uR - u 

i n  t h e  fo l lowing  way. 

i n  t e r m s  of t h e  r i g h t  e i g e n v e c t o r s  Rk o f  A L 

(3 .5c)  
m 

i=l 
U~ - U = 1 J i R i  , L 

W e  c a n  w r i t e  t h i s  by ( 2 . 7 )  as 

uk = u + O k ( A )  (u,-u,) L (3 .5e)  

where Ok i s  t h e  f u n c t i o n  

( 3 . 5 f )  
1 f o r  a < ak 

k t 0 f o r  a > a 
0 ( a )  = k 

L e t  N be an i n t e g e r  such t h a t  

a < 0 < aN+l N 

Then by (3.5e) 



Since  by ( 2 . 8 a ) ,  i n  t h e  l i n e a r  case f ( u )  = Aut 

s e t t i n g  (3 .6a)  i n t o  (3.4d) g i v e s  

From t h e  f u n c t i o n a l  c a l c u l u s  (2 .7 )  and ( 2 . 8 ~ )  w e  deduce 

t h a t  

+ 
A ( I - o ~ ( A ) )  = A , A O N ( A )  = A- 

so t h a t  

+ f ( u , v )  = A u + A-v , 

i n  f u l l  agreement w i t h  ( 2 . 8 b ) .  Thus i n  t h e  l i n e a r  case 

Godunov' s scheme reduces  t o  the  upstream scheme (2.6b) . 
The s o l u t i o n  t o  t h e  Riemann problem (3.1) has  a 

r a t h e r  complicated s t r u c t u r e :  a s  i n  t h e  c o n s t a n t  c o e f f i c i e n t  

case ( 3 . 5 )  t h e  s o l u t i o n  t o  (3 .1)  depends on x / t  and 

L t  c o n s i s t s  of  c o n s t a n t  states uk 

um - - UR I 

k = O , . . . t m :  uo = u 

s e p a r a t e d  by a f a n  of waves. IJnlike i n  t h e  

c o n s t a n t  c o e f f i c i e n t  c a s e ,  t he  k-wave s e p a r a t i n g  

and uk i s  n o t  n e c e s s a r i l y  a s i n g l e  l i n e  having a Uk-l  

c h a r a c t e r i s t i c  speed ak. 

i s  genu ine ly  n o n l i n e a r  t hen  t h e  k-wave i s  e i t h e r  a 

I f  t h e  kth c h a r a c t e r i s t i c  f i e l d  

r a r e f a c t i o n  wave 

w i t h  speed S t  (ak(uk-l)  > S > a k ( u k ) ) .  

c h a r a c t e r i s t i c  f i e l d  i s  l i n e a r l y  degene ra t e  t h e n  t h e  k-wave 

is  a c o n t a c t  d i s c o n t i n u i t y  propagat ing  w i t h  speed 

(ak(uk-l)  < a k ( u k )  ) o r  a shock p ropaga t ing  

I f  t h e  kth 
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I t  i s  e v i d e n t  from (3 .3d)  t h a t ,  due t o  a v e r a g i n g  

t h e  Godunov scheme does n o t  make u s e  of a l l  t h e  informa- 

t i o n  contained i n  t h e  e x a c t  s o l u t i o n  of t h e  Riemann problem. 

W e  t h e r e f o r e  c o n s i d e r  r e p l a c i n g  t h e  e x a c t  s o l u t i o n  t o  t h e  

Riemann problem u ( x / t ;  uL tuR)  i n  (3 .4a)  by an approximation 

w(x / t ;uL ,uR) ;  t h e  l a t t e r  can have a much s i m p l e r  s t r u c t u r e  

as long a s  it does n o t  v i o l a t e  t h e  e s s e n t i a l  p r o p e r t i e s  

of conse rva t ion  and en t ropy  i n e q u a l i t y .  The fo l lowing  

theorem due t o  Harten and Lax [71 (Theorem 2 . 1 )  shows 

t h a t  t h i s  t ype  of approximation i s  c o n s i s t e n t :  

Theorem 3 .1  (Harten-Lax) .  L e t  w(x / t ;uL ,uR)  be  an 

approximation t o  t h e  s o l u t i o n  of t h e  Riemann problem t h a t  

s a t i s f i e s  t h e  fo l lowing  c o n d i t i o n s :  

(i) Cons is tency  w i t h  t h e  i n t e g r a l  form of t h e  

conse rva t ion  l a w  i n  t h e  s e n s e  t h a t  

L - TfR + T f  
A 

A/2 

-A/2 
(3 .7a)  I w(x / t ;uL ,uR)  dx = 3 (uL+uR) 

f o r  A/2 > T max lak l ,  where 

(ii) Cons is tency  w i t h  t h e  i n t e g r a l  form of t h e  

en t ropy  c o n d i t i o n  i n  t h e  sense  t h a t  

A (3.7b) 'I2 U(W(x/t;u,,u,)) dx = - 2 (UL+UR) - TFR + TFL 
-A/2 

f o r  A/2 > T max l a k / ,  where 
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Using t h e  approximation w t o  t h e  Riemann problem 

w e  can  d e f i n e  a Godunov type scheme as fo l lows :  

(3 .8)  V w ( x / t ; v j - l , v j )  n n dx 

0 
0 

-A/2 

A s s e r t i o n .  I f  c o n d i t i o n s  (3 .7a)  and (3.7b) a r e  

s a t i s f i e d ,  t h e  scheme (3 .8)  is i n  c o n s e r v a t i o n  f o r m  

c o n s i s t e n t  w i th  ( 3 . l ) ,  and s a t i s f i e s  t h e  e n t r o p y  

i n e q u a l i t y  ( 3 . .  8a)  . 
For p r o o f ,  see a f t e r  Theorem 2 . 1  i n  [ i ' l .  I t  i s  

shown t h e r e  t h a t  t h e  Godunov type  averaging  can  be 

r e p l a c e d  by G l i m m  type  sampling. 

Theorem 3 . 1  shows t h a t  Godunov t y p e  schemes which 

s a t i s f y  c o n d i t i o n s  (i) and (ii) above s a t i s f y  t h e  hypotheses  

of Theorem 1.1; t h i s  shows t h a t  i f  such a scheme converges,  

t h e  l i m i t  s a t i s f i e s  t h e  conse rva t ion  i a w  and t h e  en t ropy  

c o n d i t i o n  i n  t h e  weak sense .  

W e  n o t e  t h a t  Godunov's scheme i s  of Godunov t y p e ,  

p a r  e x c e l l e n c e .  

W e  have shown a t  t h e  beginning of t h i s  s e c t i o n  t h a t  

Godunov's scheme (3 .3)  can a l s o  be w r i t t e n  as a scheme (3 .4)  

i n  c o n s e r v a t i o n  form. The a p p r o p r i a t e  numerical  f l u x  was 

o b t a i n e d  from t h e  i n t e g r a l  conse rva t ion  laws ( 1 . 2 b ) .  

W e  show now t h a t  a l l  schemes of Godunov type can be  expres sed  
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i n  conserva t ion  form; w e  can  o b t a i n  t h e  a p p r o p r i a t e  

numerical  f l u x  by app ly ing  t h e  i n t e g r a l  c o n s e r v a t i o n  l a w  

(1 .2b)  t o  t h e  approximate s o l u t i o n  of  t h e  Riemann problem 
a 

over  t h e  r e c t a n g l e  ( -  3 ,O) X ( 0 , T ) :  

A w(x/T;uL,uR) dx - 3 uL + T[fLR - f L ]  = 0 , I (3 .9a)  
- A / 2  

where 

Th i s  g i v e s  
0 

U 
A 
2T L w(X/TiUL,uR) dx + - (3 .9b)  fLR = f L  - T 

If w e  apply t h e  i n t e g r a l  c o n s e r v a t i o n  l a w  (1.2b) over  t h e  

r e c t a n g l e  ( O , A / 2 )  X ( O , T ) ,  w e  o b t a i n  

The e q u a l i t y  of  (3.9b) and ( 3 . 9 ~ )  i s  j u s t  t h e  c o n t e n t  

of t h e  cons i s t ency  r e l a t i o n  ( 3 . 7 a ) .  

Using formula (3.9b)  f o r  fj+l,2 i n  (1.7b) and ( 3 . 9 ~ )  

f o r  f j - 1 1 2  i n  (1.7b) 

i n t o  (1.7a) g i v e s  ( 3 . 8 ) ,  i .e .  p u t s  t h e  Godunov type  scheme 

i n  conse rva t ion  form (1.7a) : 

and s e t t i n g  t h e  r e s u l t i n g  e x p r e s s i o n s  
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If a l l  s i g n a l  speeds a r e  p o s i t i v e ,  t hen  

w(s ;uL ,uR)  = u 

case f L R  = f L  . 
n e g a t i v e ,  t h e n  w(s ;u  , U  1 = u f o r  s > 0 ; it f o l l o w s  

from ( 3 . 9 ~ )  t h a t  i n  t h i s  case fLR = f R  . This  i s  

f o r  s < 0 : according t o  ( 3 . 9 b ) ,  i n  t h i s  

S i m i l a r l y ,  i f  a l l  s i g n a l  speeds  are 

L 

L R  R 

p r o p e r t y  (ii) of upstream schemes, t h u s  shown t o  be 

s a t i s f i e d  by a l l  Godunov type  schemes. 

I n  a scheme of Godunov type w e  can i n c o r p o r a t e  i n t o  

t h e  numer ica l  f l u x  a l l  p h y s i c a l  i n s i g h t  t h a t  w e  can p u t  

i n t o  t h e  approximate s o l u t i o n  of  t h e  Riemann problem. 

A l s o ,  a s  Harten and Lax poin ted  o u t  i n  [ 7  I ,  a Godunov 

type  scheme (3 .8)  can be  used j u s t  as  e a s i l y  on a g r i d  

t h a t  v a r i e s  i n  t i m e ,  by a d j u s t i n g  t h e  i n t e r v a l s  of 

i n t e g r a t i o n  on t h e  r i g h t  i n  ( 3 . 8 ) .  Th i s  makes t h e s e  

schemes t h e  n a t u r a l  cho ice  f o r  a d a p t i v e  g r i d s :  f u r t h e r  

development of such a lgor i thms and numerical  exper iments  

are d e s c r i b e d  i n  H a r t e n  and Hyman [ 9  1 

W e  t u r n  nm7 t o  d e s c r i b i n g  two d i f f e r e n t  apgroximate 

Riemann s o l v e r s ,  and t h e  Godunov type  schemes cor responding  

t o  then .  The f i r s t ,  due t o  Hoe, i s  based on a l i n e a r i z a t i o n  

motion of t y p e  ( 2 . 1 6 ) .  Roe approximates s o l u t i o n s  of t h e  

Riemann problem f o r  (3 .1)  b y  e x a c t  s o l u t i o n s  of t h e  iiiemann 

problem f o r  t h e  fo l lowing  l i n e a r  hype rbo l i c  e q u a t i o n  w i t h  

c o n s t a n t  c o e f f i c i e n t s :  

w + ALRwx = 0 ,  W(x,O) = 
u x > o  t (3 .11a)  

K 
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Here ALR is a matrix that satisfies (2.16a)(2.16b) and has 

properties i) - iii) listed there. Combining (2.16a) with 

(3.5~) yields 

- (3.11b) fR-fL - ALR(uR-uL) = 1 ~ . J . R  1 1 if 

R. the corresponding LR' 1 
where a are the eigenvalues of A 

right eigenvectors, and Ji the coefficients in the resolution 
i 

(3.5c) : 

(3.11~) UR-UL = 1 JiRi 

The approximate Riemann solver is given by (3.5b), with uk 

defined by (3.5d). 

The numerical flux associated with an approximate Riemann 

solver is given by (3.9b); setting (3.5d) into (3.9b) we get 

- 
(3.12a) fLR = fL + 1 ai J .  R~ 1 

where 

Setting this into (3.12) and using (3.11b) gives 

in the last step we have used the definition of [ A I  as given 

by (2.7). Indeed, (3.12b) is Roe's scheme defined in (2.11a), 

(2.20). 
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As a l r e a d y  po in ted  o u t  i n  Sect ion 2 ,  Roe 's  scheme 

admi t s  non-physical ,  i . e .  entropy v i o l a t i n g ,  s t a t i o n a r y  

d i s c o n t i n u i t i e s .  I n  an appendix t o  [ 9  I ,  Harten and 

Hyman show how t o  modify R o e ' s  scheme t o  e l i m i n a t e  suclr 

en t ropy  v i o l a t i n g  d i s c o n t i n u i t i e s  whi le  r e t a i n i n g  those 

t h a t  s a t i s f y  t h e  en t ropy  l a w .  

W e  n o t e  t h a t  t h e  numerical  f l u x  (3.12b) of Roe's 

scheme resembles  O s h e r ' s  scheme ( 2 . 1 9 ) .  There t h e  jumps 

J i n  t n e  c h a r a c t e r i s t i c  s ta te  v a r i a b l e s  are r e p r e s e n t e d  

by t h e  p a t h  l e n g t h  lk. 

of Godunov t y p e  i n  t h e  sense  of (3 .9 )  s i n c e  t h e  i n t e g r a -  

k 
Osher ' s  scheme, however, i s  n o t  

t i o n  p a t h  r i n  s t a t e - s p a c e  does n o t  correspond t o  a 

un iva lued  approximate Riemann s o l u t i o n  w ( x / t  ,uL,uR)  as i n  

(3 .8 )  

Roe 's  Riemann s o l v e r  c o n t a i n s  a g r e a t  amount of 

de ta i l :  m - 1  i n t e r m e d i a t e  s t a t e s .  W e  d e s c r i b e  n e x t  a 

h i e r a r c h y  of  Riemann s o l v e r s  w h e r e  much of t h i s  d e t a i l  i s  

lumped t o g e t h e r .  The s imples  of t h e s e  schemes c o n t a i n s  

o n l y  one i n t e r m e d i a t e  s t a t e .  

i) Denote by aL and a l o w e r  and upper bounds, respec-  R 

t i v e l y ,  f o r  t h e  smallest  and largest  s i g n a l  v e l o c i t y ,  ca l cu -  

l a t e d  acco rd ing  t o  some a lgor i thm.  Define tile adproximate 

Riemann s o l v e r  by 

f o r  x / t < a L  

(3 .13 )  u ( x / t ; u L , u R )  = LR f o r  aL<x/t;c aR 

f o r  a R < x / t  R 
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where the state u is determined from tne conservation 

law (3.7a) : 
LR 

( ~ a ~ + A l 2 ) u~ + ~ ( a ~ - a ~ ) u ~ ~  + (A127a )u R R  

- T  [fR-fLl. A 
2 L R  

- - -(u +u ) 

This gives 

fR-fL 
a ~ - a ~  

- -  a ~ U ~ - a ~ U ~  
a -a u =  LR R L  

(3.14) 

We turn now to the determination of the associated iiuriierical 

flux. We set (3.14) into (3.13), aiid then into (3.9b): 

- (3.15a) fLR - 

fL when 0 < aL 

a a  
(uR-uL) when a < 0 < uR R L R  a 

R L  R L  R L  
L -a 

a -a fR + a -a fL + a -a L 

when a < 0 R 

This can be combined into a single formula 

+ +  - -  
1 aRlaLI-aLlaRI - R L  a ~ - a ~  - -  

a -a 
a -a f~ + a -a fL 2 ( UR- UL 1 a -a R L  

(3.15b) fLR - 
R L  R L  

Since u was chosen to satisfy the conservation law (3.7a) , 
we conclude that u is the mean value of the exact solution 

Over the interval (raL,Taii). 

inequality that (3.15) satisfies the entropy inequality (3.7b). 

LR 

LR 
1t follows therefore from Jensen's 

Suppose that u and u can be connected with a shock Of 
L R 

the first or the mth family. 

is 

In tnese cases the exact solution 
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(3.16) u(x,t) = 

where S is the speed of propagation of the shock. Suppose 

the algorithm for calculating a and a is such that it L R 
furnishes a = S or a = S, depending on whetner the shock 

belongs to the first or the mth family. 
from the equality of u with the mean value of the exact 

solution that (3.11) is the exact solution. 

L R 
Then it follows 

LR 

ii) We describe next a class of approximate Riemann 

solvers, where u 

states. These states are so chosen that 

and.uR are linked through two intermediate L - 

a) The conservation laws are satisfied 

b) If the exact solution of the Riemann problem links 

u and uR through a single shock (or contact discontinuity) 

of any of the m families of waves, then so does the approxi- 

mate Riemann solver. 

L 

c) The entropy law is satisfied 

Such an approximate Riemann solver was constructed in 

I: 7 1 ;  the one presented here differs from it in some important 

details. We are grateful to Paul Woodward for a suggestion 

which has been incorporated in the scheme. 
Let the velocities a and aR be defined as in approxi- L 

mation i) described above. We define a velocity V as follows: 

Let U be an entropy function defined by (1.5); denote its 

gradient by w=Uu, and introduce the abbreviation 

(3.17a) 
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We set 

(3.17b) v = e LR (fR-fL)/ eLR (uR-uL) 

where the dot denotes the Euclidean scalar product. 

Next we show that V is well defined, and derive its 

salient properties : 

Lemma 3 . 2 :  i) The denominator in (3.175) is positive 

for u # uR-  L 
ii) V is uniformly bounded 

iii) If u and uR satisfy the RH condition (1.3): L 

(3.18) f -f = s(uR-uL), R L  

then V = S. 

Proof: i) Combining (3.17a) and (2.19), 

(3.19) e,, (uR-uL) = P(UR--UL) ( u p L )  ; 

since P is positive definite, the above quantity is positive 

for u # uL . R 

ii) Use (2.17), (3.17a) and (2.19) to express the 

numerator of (3.17b), and (3.19) for the denominator; we get 

p (UR-UL) *BP (uR-uL) 
v =  

(uR-ud'p (uR-uL) 

This is a ratio of two quadratic forms and therefore lies between 

the smallest and largest eigenvalue of P'BP . Tnese are equal to 
the eigenvalues a.of A=BP constructed for Theorem 2.1. In fact, 

V can be represented as a weighted average of the eigenvalues 

of A. 

r / +  

3 
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iii) Setting (3.18) into (3.17b) gives 

v = s  

This completes the proof of Lemma 3.2. 

We now outline two methods for constructing approximate 

Riemann solvers w(x/t;uL,uR) with two intermediate states 

U 
* * 
and uR separated by the line dx/dt = V ; i.e., w is of the L 

form 

* 
a < x/t < V 

V < x/t < aR 

L L 'U 

(3.20) w(x/t; uLfuR) = * 
R U 

(See Figure 2 ) .  

F i g u r e  2 .  

Tne flux across a line x=st for equation (1.1) is 

defined as 

(3.21) fs(u) = f(u)-su 



We introduce a numerical flux across the line x=Vt, denoted 

as 

f (u ,u ) .  V L R' 

We require consistency with the exact flux: 

(3.22) fv(u,u) = fv(u) = f(U)-V.. 

Having introduced flux (3.21) across lines we can write 

approximate conservation laws for the triangular regions 

bounded by t=T, x=Vt, and x=a t or x=a t respectively: L R 

* 
(V-a )u + f (u,, uR) - f (u ) = 0 

L L  V L 
(3.23a) 

L 

and 

* 
(aR-V)uR + f (UR) - f (u ,u..) = 0 V L R  R a (3.23b) 

* * 
u and uR can be determined from (3.23). Clearly, since (3.23) 

are conservation laws, the resulting scheme (3.20) satisfied the 
L 

consistency relation (3.7a). Thus requirement a) is fulfilled. 

We turn now to requirement b), the exact resolution of 

single snocks and contact discontinuities. A shock or contact 

discontinuity is characterized by the RH condition (3.18) and 

the entropy condition (1.6d). Using the notation (3.21) 

these can be written as follows: 

(3.24) 

where 

(3.25) Fs(U) F (u) -SV 
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A 

W e  deno te  by f v  a vector func t ion  which h a s  t h e  fo l lowing  

p rope r ty :  

I f  f ( u  = fV(uR)  I t hen  V L  

h 

) = f (u  ) = f V ( U R )  V L  (3.26) f V ( U L I U R  

where 6 h a s  t h e  fo l lowing  proper ty :  

(3.28) 6(uL,uR) = 0 when (3.24) ho lds .  

W e  t a k e  (3.27) as  ou r  numerical  f l u x .  I t  fo l lows  from 

(3.26) t h a t  it s a t i s f i e s  t h e  cons i s t ency  c o n d i t i o n  (3.221, 

and from (3 .26 ) ,  (3 .28)  and P a r t  c) of Lemma 3.2 t h a t  

s i n g l e  shocks and c o n t a c t  d i s c o n t i n u i t i e s  are r e s o l v e d  e x a c t l v .  
A 

Here are oClr cho ices  f o r  f v  and 6: We d e f i n e  6R and 6L by 

aR-V V -aL 
- 6 = -  

&R aR-aL I R L  L a -a - (3 .29a)  

N o t e  t h a t  

Then w e  d e f i n e  

, u  ) = 6 R V  f (u  L 1 + G L f V ( U R )  V L R  (3.30a)  

and 
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where uLR is defined by (3.14). 

It can be verified immediately that fa satisfies (3.26). V 

To verify it for fb we note that if fv(uL)=fv(uR), then uLR 

= 6 u +6 u - setting this into the right side of (3.30b) we 

see that it equals the right side of (3.30a). 

V 

R R  L 1 '  

We define B as follows: 

(3.31a) B = C1B1+C2B2 

where 

+ 
where p denote Max (0,p) , and 

The analysis in Section 4 of [ 71 shows B is a bounded function. 

By construction, B, = 0 when the shock condition (3.24) 
1 

is satisfied; 8, = 0 when the RH condition (3.18) alone is satisfied. 

Thus Our choice Of 6 satisfies (3.28), and so requirement b) is 

fulfilled. 

An analysis similar to that carried out in Section 4 of [ 71 

shows that the positive constant C1 and C2 in (3.31a) can be S O  

chosen that the entropy condition (3.7b) is satisfied. Thus is 

requirement c) fulfilled. 

To derive the numerical flux associated with the above Godunov 

type scheme we set (3.20) in (3.9b), using (3.23) to express U* L 
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* 
and uR: 

= +{f +f +Y [f (u )-f (u ,U ) I  
(3.32a) fLR L R L V L  V L R  

where 

(3.32b) YL - - -- Iv I - I aL I Y =  laRI-IVI 
V- a ' R  a--V 

L K 

One can easily verify that when aL > 0 , fLR - - fR I and that - 
= f (u ,u ) .  when V = 0, fLR V L R  

If on tne right side of (3.32a) we substitute (3.27) for 

f (uL,uRII the following term containing 6 appears: 
V 

From (3.32b) 

a < V <  O <  aR L I 

a nonnegative quantity. This shows that 6 enters the difference 

scheme as an artificial viscosity. Note that, unlike classical 

artificial viscosity, our B is zero across a shock and is positive 

across an incipient rarefaction wave. 

Unlike the previous schemes described in this review, the 

schemes (3.32) are nonlinear even when applied to linear equations. 

Thus it is not upstream in the sense of our definition in Section 

2. 

scheme. 

The decrease of entropy guarantees the L; stability of the - 
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For systems with many components, ( 3 . 3 2 )  requires less 

computational effort than either Godunov or Roe's scheme, yet 

its accuracy may be comparable. 

Schemes of type ( 3 . 3 2 )  are especially suitable for compu- 

tation on a moving mesh: we move each meshpoint with velocity 

V. Such mesh algorithms have been studied in [ 9 1 .  

We remark tnat any scheme in conservation form (1.7) with 

a numerical flux f(u,v) that yields perfect resolution of dis- 

continuities but also admits entropy violating ones may be 

corrected by modifying its numerical flux to be 

f (u,v) - CIB(v-u) . 
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4. F lux-Spl i t t ing  - - ~ -  

I n  t h i s  s e c t i o n  w e  d i s c u s s  g e n e r a l i z a t i o n s  of t h e  

upstream-differencing scheme (2.6b) t o  n o n l i n e a r  systems of 

conserva t ion  l a w s  t h a t  are based on t h e  f l u x - s p l i t t i n g  

(4 . l a )  f(w) = f+(W) + f-(w) . 

We c o n s i d e r  schemes i n  conserva t ion  form (1.7a) w i t h  t h e  numerical  f l u x  

(4.lb) f ( u , v )  = E+(U) + f - (v)  ; 

c l e a r l y  (4 . la)  i m p l i e s  t h e  consis tency re la tCon ( 1 . 7 ~ ) .  L e t  us d e f l n e  

(4.2a) fa(w) = f+(W) - f-(w), 

and rewrite (4 . lb)  

(4.2b) f ( u , v )  = - 1 [ f (u)+f(v>-(fa(v> - fa(.>)] 
2 

Recal l€ng t h e  n o t a t i o n  (2.11a) we write 

(4.2c) d ( u , v )  = f Y v )  - f a ( u )  . 

It € s  easy t o  see t h a t  (4.1)-(4.2) reduces  to  (2.6b) i n  t h e  constant-  

c o e f f i c i e n t  case i f  and only i f  fa(w) becomes ( ~ ( w .  
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Steger and Warming 1211 introduced t h e  n o t i o n  of f l u x  s p l i t t i n g  

€ o r  t h e  equat ions o f  gas dynamics. They took  advantage of t h e  fact  in 

gas dynamics f is a homogeneous €unct€on of w of degree one. Then 

E u l e r ' s  i d e n t i t y  holds :  

(4.3a) f (w) = A(w)w , A = fw. 

S t e g e r  and Warming d e f i n e  

(4.3b) f+(w) = A+(w)w , f'(w) = A-(w)w 

where A+ and A- are  def ined  by (2.7) ,  (2.9). Clear ly  (4 . l a )  i s  

s a t i s f i e d ;  (4.2a) becomes 

where I A ( w ) (  i s  def ined  by (2.7) .  

S e t t i n g  ( 4 . 3 ~ )  i n t o  ( 4 . 2 ~ )  g i v e s ,  a f t e r  rearrangement 

The RHS i s  of t h e  upstream form (2.11c') ,  except  f o r  those  nearby 

v a l u e s  of u and v f o r  which s g n  ak(u)  + sgn ak(v) f o r  some k. The 

consequence of t h i s  nonsnoothness is a k i n k  i n  computed s o l u t i o n s  n e a r  

such t r a n s i t i o n s ,  e.g. near  s o n i c  p o i n t s .  This  can be r e c t i f i e d  t o  
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some e x t e n t  i f  one replaces I A I  by x(A), where x ( s )  i s  a smooth 

approximation t o  1s I ,  see S t e g e r  [ 2 2 ] ,  Van Leer 1 1 5 1 ,  o r  Har ten  [ 5 ] .  

We d e s c r i b e  now a way of s p l i t t i n g  when € ( u )  i s  not  a homogeneous 

f u n c t i o n  of u ,  by in t roduc ing  a r e fe rence  s t a t e  uo and app ly ing  the  

mean va lue  l € n e a r i z a t i o n  (2.16a) t o  u and uo: 

and c o n s i d e r  u-uo t o  be a new s t a t e  v a r i a b l e ,  and f (u) -€(uo)  t o  be a 

new f l u x  fi inctton; denote them again by u and f ( u ) ,  r e s p e c t i v e l y .  Thus 

any s o l u t i o n  of t h e  conserva t ion  law ( 1 . 1 )  s a t i s f i e s  

The new f l u x  

(4.5a) f ( u )  = A ( u ~ , u ) u  

can be s p l i t  as 

f ( u )  = A+(uo,u)u + A-(uo u)u = f+ (u )  + f - ( u ) ,  

e x a c t l y  as i n  t h e  homogeneous case  (4.3a). 

We t u r n  now t o  a class of upstream schemes which are a n a t u r a l  

g e n e r a l i z a t i o n  of S t e g e r  and Warming's f l u x  s p l i t t i n g .  These schemes 
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a r e  obtained by approximating each conservat€on l a w  i n  ( l . l a )  by a 

c o l l l s i o n l e s s  Roltzmann equat ion.  

L e t  + ( x , t , q )  be a v e c t o r  f u n c t i o n  whose ith component denotes  t h e  

d e n s i t y  of a p a r t i c l e  of ith kind  a t  p o s i t i o n  x and t i m e  t ,  t r a v e l l i n g  

wi th  v e l o c i t y  q. We assume t h a t  t h e  p a r t i c l e s  stream f r e e l y ,  i.e. t h a t  

4 s a t i s f i e s  t h e  c o l l i s i o n l e s s  Boltzmann equat ion:  

Note t h a t  t h e  d e n s i t i e s  of t h e  d i f f e r e n t  k i n d s  of p a r t i c l e s  are 

completely decoupled. 

Using equat ion  (4.6a) w e  can determine t h e  v a l u e  of r$ f o r  t > 0 i n  

terms of +o(x,q)  = r$(x,O,q): 

We denote by z and g t h e  t o t a l  d e n s i t y  and f l u x  a s s o c i a t e d  w i t h  

t h e  dens i ty  9: 

These s a t i s f y  t h e  conserva t ion  l a w  obta ined  by i n t e g r a t i n g  (4.6a) w i t h  

respect t o  q:  
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(4.8) Z t  + gx = 0 

The i n i t - L a l  va lues  of z and g can be ob ta ined  by s e t t i n g  t = 0 in 

(4 .7) :  

I f  t h e  i n i t i a l  va lues  of z and g a r e  equa l  t o  those  of u and f ( u ) :  

t hen  f o r  t small enough t h e  s o l u t i o n  z of (4.8) would be a reasonable  

approximation t o  the  so lu t€on  u of (1 . la ) .  We show now how t o  choose 

$o s o  t h a t  (4.10) holds:  w e  i n t roduce  a v e c t o r  d i s t r ibu t -Lon p ( q , u ) ,  

depending on a v e c t o r  parameter u,  s a t i s f y i n g  

Then w e  simply set  

S e t t i n g  (4.12a) i n t o  (4.9) and using (4.11) shows t h a t  (4.10) i s  

s a t i s f i e d .  



Equation (4.8) c a n  be so lved  e x p l i c i t l y ;  as i n  t h e  Godunov type  

schemes, averages of t hese  e x p l i c i t  s o l u t i o n s  w i l l  be used t o  

approximate s o l u t i o n s  of (1. la) .  

L e t  v(x) be an approximation a t  t, t o  t he  s o l u t i o n  u of ( 1 . l a ) .  

We def ine  the  i n i t i a l  v a l u e  I$o by (4.12a):  

(4.12b) I$o(x,q) = u ( q ,  v ( x > >  

Using t h i s  i n  formula (4.6b) f o r  the  exact s o l u t i o n  of equa t ion  (4.6a) 

g i v e s  

( 4 . 1 2 ~ )  I$ (x , t , q )  = u ( q ,  v (x -q t ) )  

S e t t i n g  t h i s  i n t o  (4.7a) r e s u l t s  i n  

(4.13) z ( x , t )  = I u(q ,v (x -q t ) )  dq. 

We assume t h a t  v = v" i s  piecewise cons t  n t .  W e  d e f i n e  an 

approximation vn+' t o  u a t  tn+l = t n + T  t h a t  i s  piecewise cons t an t  on 

) by d e f i n i n g  the  va lue  v?+' of vn+' each  i n t e r v a l  I = ( x ~ - ~ , * ,  x j+l /2  

on I t o  be t h e  average of Z ( X , T )  ove r  I Using (4.13) we  g e t  

J j 

j j. 

(4.14) vn+l j = IIjl-' Jj u(q ,v"(x-qd  dq dx 

I j  

We shcw next haw t o  express (4.14) as  a scheme i n  conse rva t ion  form. 

We i n t e g r a t e  (4.6a) ove r  t h e  r e c t a n g l e  I . X ( ~ , T ) ;  w e  g e t  
J 
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x -1/2 
j 

0 0  

We i n t e g r a t e  t h i s  with respec t  t o  q, ob ta in ing  the conserva t ion  form 

where v?+', VI are the  values  of &', vn on I .  and f?+ 1/2 i s  de f ined  J J '  J- 

by 

Using ( 4 . 1 2 ~ )  t o  express  @ on the  RHS we g e t  

This  i s  t h e  numerical  f l u x  a s soc ia t ed  w i t h  t h e  scheme (4.14).  

We shaw now t h a t  t h i s  numerical f l u x  is c o n s i s t e n t  with t h e  f l u x  f 

i n  ( 1 . l a ) .  Let's take  t h e  case ,  s u r e  t o  be s a t i s f i e d  i n  any scheme of 

practical  s i g n i f i c a n c e ,  t h a t  l~ has bounded q-support. Then it fo l lows  

f rom (4.15b), and t h e  f a c t  t h a t  v" is piecewise cons t an t ,  t h a t  t h e r e  is  

an i n t e g e r  N ,  whose va lue  depends on T ,  such t h a t  
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n Suppose vj+k = V ,  k = ++I,. . .,N; t h e n  vn(x j+1/2-qt) on t h e  RHS of 

(4.1%) e q u a l s  v on t he  q-support of p ;  u s i n g  (4.11b) w e  s e e  t h a t  t h e  

RHS of (4.15b) equa l s  T f (v ) .  This  proves cons is tency .  

We t u r n  n m  t o  the t a s k  of de te rmining  t h e  d i s t r i b u t i o n  p. 

C l e a r l y ,  s i n c e  only t h e  f i r s t  two moments of p are s p e c i f i e d  by 
. 

cond i t ions  (4.11),  t h e r e  i s  a g r e a t  d e a l  o€ leeway. For guidance we 

t u r n  t o  t h e  l i n e a r  case ,  

f (u) = Au, A c o n s t a n t  

The s o l u t i o n  of t h e  l i n e a r  equat ion  

(4.16a) U t  + Aux = 0 , 

with i n i t i a l  va lue  u(x,T)) = uo(x) h a s  t h e  form 

(4.16b) u ( x , t >  = 1 pIu0(x - sit). 

Here a a r e  t h e  e igenvalues  of A ,  and Pi is p r o j e c t i o n  onto  t h e  l i n e  

spanned by t h e  r i g h t  e igenvec to r  R i .  On t h e  o t h e r  hand, s e t t f n g  (4.6b) 

i n t o  (4.7a) g ives  t h e  following expres s ion  €o r  z :  

j 

C l e a r l y ,  comparing (4.16b) and (4.17) we see that 

(4.18a) z ( x , t )  u ( x , t )  
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i f  

(4.18h) 

It i s  not hard  t o  s h w  t h a t  (4.18a) ho lds  f o r  no o t h e r  cho€ce of $ 0  

whose support  i s  hounded i n  x and q. S e t t i n g  (4.18b) f o r  O 0  i n t o  

(4.12a) w e  conclude t h a t  11 must he of t h e  form 

W e  t u r n  n w  t o  t h e  nonl inear  case. A s  we have shown e a r l i e r  i n  

t h i s  s e c t i o n ,  the  f l u x  c a n  be put in form (4.5a):  

f ( u )  = A(u)u, 

where the  ma t r ix  A(u) h a s  real eigenvalues a i ( u ) ,  and a complete set of 

e igenvec tors .  According t o  the  s p e c t r a l  theory  of matrices 

(4.20) ~ P ~ = I ,  1 aiPi = A 

A 

It f o l l o w s  from t h i s  t h a t  t he  d i s t r i b u t i o n  p def ined  by (4.19) 

sa t is€€es r e l a t i o n s  (4.11) even when ai and Pi a r e  €unct ions  of u.  

S ince  r e l a t i o n s  (4.11) a r e  l i n e a r ,  the  most gene ra l  p t h a t  

s a t i s f i e s  (4.11) i s  of t h e  form 



52 

where TI is any d i s t r i b u t i o n  whose f i r s t  two q-moments are z e r o  f o r  a l l  

va lues  of u. 

4e c a l l  schemes of form (4 .14)  Boltzmann-like; we l l s t  some of 

t h e i r  p rope r t i e s .  

( a )  Suppose t h e  support  of t h e  d i s t r i b u t i o n  p i s  conta ined  i n  Iql 

- < Q. Suppose f o r  s i m p l i c i t y  that  the mesh over which we d i s c r e t i z e  i s  

uniform, i . e .  t h a t  each i n t e r v a l  T . has t h e  same l e n g t h  A .  Then i t  

fol lows e a s i l y  t h a t  ( 4 . 1 4 )  i s  a t h r e e  po in t  scheme i f  T is  chosen so  

t h a t  

3 

( 4 . 2 2 )  TQ - < A .  

For Roltzmann-type schemes the f l u x  (4.15b) s p l i t s  n a t u r a l l y  i n t o  

two par t s .  Ye d e f i n e  

0 f o r  q < 0 

( 4 . 2 3 )  

0 f o r  q > 0 
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C l e a r l y  1-1 = u + +  1.1, ; s e t t € n g  t h i s  i n t o  (4.15b) w e  o b t a i n  a s p l i t t i n g  

C l e a r l y ,  i f  (4.22) h o l d s ,  f l + l / 2  depends o n l y  on v ~ + ~ ,  and €i+1/2 only  

On ‘j0 

(b)  Suppose E i s  of t h e  form (4.5a) and 1-1 i s  chosen t o  be of form 

(4.19). The support  OE c extends from amin t o  amax, so  Q = lamax1, and 

t h e  r e s t r i c t i o n  (4.22) i s  t h e  CFL c o n d i t i o n .  The decomposition of 1.1 i s  
A 

S e t t i n g  t h i s  i n t o  (4.15b) g i v e s  

where A+ and A- are  t h e  p o s i t i v e  and negat ive  p a r t s  of t h e  m a t r i x  A 

d e f i n e d  by (2.7)  and (2 .9 ) .  This  1s t h e  Steger-Warming scheme (4.3). 

( c )  Consider t h e  equat ions of compressible  f low i n  E u l e r  

coord ina tes .  I n  t h i s  case the t h r e e  components oE Q descr€be  t h e  

t r a n s p o r t  of mass, momentum and energy. Since momentum i s  

mass x v e l o c i t y ,  and q i s  v e l o c i t y ,  i t  i s  reasonable  t o  s t i p u l a t e  t h a t  
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t h e  second component of I$ be q times i t s  f i r s t  component. I n  view of 

(4 .12a) ,  t h i s  would be t h e  c a s e  i f f  t h e  same r e l a t i o n  h o l d s  f o r  t h e  

components of p: 

We claim that t h i s  is t r u e  f o r  as g iven  by (4.19). For 

and s o ,  by (4.19),  

For the e q u a t i o n s  of compress ib le  f low,  t h e  f i r s t  component f ( ' )  

of f l u x  and t h e  second conserved q u a n t i t y  u ( ~ )  b o t h  are e q u a l  t o  m. 

This i m p l i e s  t h a t  t h e  f i r s t  row of A = f u  i s  (O,l,O). It  f o l l o w s  t h e n  

from the e i g e n v a l u e  e q u a t i o n  

ARi = aiRi 

t h a t  the second component of Ri is ai t i m e s  i t s  f i r s t  component. This 

shows t h a t  t h e  second component oE (4.23a) e q u a l s  t h e  f i r s t  component 

of (4.23b), a s  a s s e r t e d .  
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( d )  We analyze now the s t a b i l i t y  of Boltzmann type schemes f o r  

l i n e a r  equat ions  with cons tan t  c o e f f i c i e n t s .  I n  th i s  case we t a k e  p t o  

depend l i n e a r l y  on u,  

M a m a t r i x  valued funct ion.  The cons is tency  c o n d i t i o n s  ( 4 . 1 1 )  become 

The scheme ( 4 . 1 3 )  i s  

Taking t h e  F o u r i e r  t ransform w e  get 

A c o n d i t i o n  f o r  s t a b i l i t y  i s  t h a t  R(E)  should  he power bounded, 

uni€ormly f o r  a l l  5 .  Note t h a t  t h e r e  i s  no s t a b i l i t y  r e s t r i c t i o n  of 

t h e  t i m e  s t e p  t; t h e  reason  fo r  t h i s  i s  t h a t  Roltzmann type schemes 

a u t o m a t i c a l l y  ad j u s t  t h e i r  domains of dependence. 

Note t h a t  we have analyzed here t h e  s t a b i l i t y  of scheme ( 4 . 1 3 ) .  

The f u l l  scheme ( 4 . 1 4 )  i s  a combination of ( 4 . 1 3 )  and p r o j e c t i o n  onto  

t h e  space  o f  piecewise cons tan t  Functions. The l a t t e r  decreases every  

weighted L2 norm. Therefore  i f  ( 4 . 1 3 )  d e c r e a s e s  some weighted L2 norm, 

the combined scheme ( 4 . 1 4 )  i s  L2 s t a b l e .  



and 

. 
I f  A i s  symmetric, t h e  ? are  or thogonal  p r o j e c t i o n s ,  and IIM(S)II f 1; 

s o  i n  t h i s  case t h e  scheme i s  s t a b l e .  For A nonsymmetric, s t a b i l i t y  

j 

can be proved by r e p l a c i n g  t h e  e u c l i d e a n  n o m  by some matrix-weighted 

norm. 

( e )  W e  have n o t  c a r r i e d  o u t  any s t a b i l i t y  a n a l y s i s  i n  t h e  

nonl inear  case, nor s t u d i e d  the  i n t e r e s t i n g  q u e s t i o n  of how t o  a s s u r e  

t h e  entropy condi t ion.  

( f )  W e  conclude by observing that f l u x  s p l i t t i n g  schemes cannot 

reso lve  e x a c t l y  s t a t i o n a r y  shocks. For  suppose that  t h e  s t a t i o n a r y  RH 

c o n d i t i o n  f ( u )  = f ( v )  i s  s a t i s f l e d .  It does not  f o l l o w  from t h i s  t h a t  

a lso 

( 4 . 2 6 )  f a ( u )  = f a ( v ) .  

But f o r  a s p l i t  f l u x  scheme, ( 4 . 2 b )  shows t h a t  ( 4 . 2 6 )  i s  necessary  f o r  

t h e  exact r e s o l u t i o n  of s t a t i o n a r y  d i s c o n t i n u i t i e s .  
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